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Mathematics

5 Points — 2nd Exam

Instructions

~. Duration of the exam: Two and a half hours.

1. Exam structure and breakdown of points:

There are two parts in this exam, with a total of five
questions.
Part One:  Analytical Geometry, Vectors,
Spatial Trigonometry, Complex Numbers
Part Two:  Growth and Decay, Power Functions,
Exponential and Logarithmic Functions
Answer three questions, at least one qlllestion from each part
— 3x3373 =100 points.

>. Material that may be used during the exam:
(1) A non-graphing calculator. You may not use the

programming options of a programmable calculator.
Use of a graphing calculator or programming options
may lead to the disqualification of your exam.
(2)Formula sheets (attached).
(3) A Hebrew—foreign language/foreign language—Hebrew
dictionary.

7. Special instructions:

(1)Do not copy the question, but do indicate the number of
the question you are answering.

(2)Start each question on a new page.
Write the steps of the solution in the answer booklet,
even when the calculations are done with a calculator.

Explain all your work, including calculations, in detail
and in a clear and organized fashion. Lack of detail may
lower your score or lead to the disqualification of your

exam.

Write only in the answer booklet. Write "now»o" at the top of each draft page.
If you write draft material on paper outside the answer booklet, your exam
may be disqualified.

Good Luck!
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Questions

1

Answer three of the questions 1-5, at least one question from each part (each question — 333 points).

Note:  If you answer more than three questions, only the first three answers in your answer booklet

will be graded.

Part One — Analytical Geometry, Vectors, Spatial Trigonometry,

Complex Numbers

1. Consider the two lines in the figure on the right:
I —4x+3y+2=0
I —4x+3y+27=0
Consider a circle whose center is located on Line II . The circle is tangent
to Line I and to the x-axis.
N. (1) Find the radius of the circle.

(2) Find both possibilities for the equation of the circle.

The points M, and M, are the centers of the circles you found in Item ~ .
The x-coordinate of Point M, is greater than the x-coordinate of Point M,
The circle whose center is M, is tangent to the x-axis at Point A .

a. Find the area of Triangle M| AM, .

The line x=a is tangent to the circle whose centeris M, .

We know that a>10.5 .

/
/

> Show that the locus [>3omxan mpnn] of all the points whose distance from the line x=a

is 4/ %1 times greater than their distance from Point A is an ellipse whose equation is

x2 y?

265 7375 1-

F is the left focus of the ellipse you found in Item ».

Point E is located on the ellipse such that its y-coordinate is non-zero.

7. Can the area of Triangle FEA be greater than the area of Triangle M; AM, ? Explain your

answer.

/Continued on page 3/
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2. The figure to the right shows Cuboid ABCDA'B'C'D’ .

. . . C/ B!
Let AD=u, AB=v, AA'=w. :

A/

Point E is the midpoint of Edge BB’ . D¢

N. Express EA and EC intermsof u, v ,and w .

W[

Point M satisfies W:%E_ VW .

3. Express EM intermsof u, v ,and w .

We know that EM=a-EA+b-EC . C,E

a and b are parameters.

»>. (1) Find the value of a and the value of b .

(2) IsPoint M located on Plane AEC ? Explain your answer.

We know that |w|=4 and that Vector BM is perpendicular to Plane AEC .

7. Find the value of |u| and the value of |v]|.

n. Calculate the distance between Point B and Plane AEC .

/Continued on page 4/
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3.

Consider the equation z3=— 64 .
z 1s a complex variable.

N. Find all of the solutions to the equation.

Consider the following two complex numbers:

wy=r-(cosa+i-sina) , w,=2r-(cosda+i-sinda),

50° <a<130° .

Both points represented by the numbers w, and w, are located on one line passing through the
origin, O , on the Gauss plane.

3. Find both possible values of « .

We know that w, is one of the solutions that you found in Item x.
3. Find the value of a and the value of r.

Consider two additional complex numbers: wy=4-i , w,= % .

ABCD is a convex quadrilateral. Number w, represents Vertex A ; Number w, represents

Vertex B ; Number w, represents Vertex C; and Number w, represents Vertex D .

7. Show that the area of Quadrilateral ABCD is 36 .

u is a complex number. Point E , represented by the number u , is located in the first quadrant on
the bisector of Angle BOA .
We know: i+ w-= 52+ (cos285°+ i - sin285%) |,

u[>1.

n. Find the complex number u .

/Continued on page 5/
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Part Two — Growth and Decay, Power Functions,
Exponential and Logarithmic Functions

4. Consider the function f(x)= x"-(3— {nx) , defined on the domain [PTxnnon] x>0 .
The parameter n is a natural number.

N. Find the coordinates of the intersection point of the graph of function f(x) with the x-axis.

We know that the slope of the tangent to the graph of function f(x) at the point where x=1 is 2.

a. Find the value of n .

Substitute n=1 in function f(x) , and answer Items >—.

».  Find the coordinates of the extremum [y¥» n7p)] of function f(x) , and determine what type of
extremum it is.

7. Sketch a graph of function f(x) .

Consider the function g(x)= %X) .

7. (1) Find the domain of function g(x) .
(2) Find the equations of the asymptotes of function g(x) that are perpendicular to the axes.
(3) Sketch a graph of function g(x) .

a 1s a parameter, 1<a <3 .
We know that the area bounded by the graph of function g(x) , the x-axis, and the lines
x=e and x=¢€? is €nl0 .

y.  Find the value of a.

5. Consider the function f(x)=4e*—x+9+0n(4—¢%) .
N. (1) Find the domain [n7730 ownn] of function f(x) .
(2) Find the equations of the asymptotes of function f(x) that are perpendicular to the axes

(if there are any).
—4(e*—1)2
4—¢e*

3. (1) Find the intervals on which function f(x) is increasing and decreasing (if there are any).

a. Show that ' (x)=

(2) Find the equation of the tangent to the graph of function f(x) that is parallel to the x-axis.
7. Sketch a graph of function f(x) .

n. (1) Find the equations of the asymptotes of the derivative function f’(x) that are
perpendicular to the axes.
(2) Function f(x) has only one inflection point [ 9 nmp)]. Sketch a graph of the derivative

function f’(x) on the interval x < {n4 .

Consider the function g(x)= f(x)+ ax , whose domain is identical to the domain of function f(x) .
a 1S a parameter.
3. Use the graph of the derivative function f’(x) to find for which values of a function g(x) has

two extrema [py»p m7p1]. Explain your answer.

Good Luck!
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