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English Translation (3)

Note: This exam has special instructions.
Answer the questions according to these
instructions.

Mathematics

5 Points — 1st Exam

Instructions

x.Duration of the exam: Four and a quarter hours.

2. Exam structure and breakdown of points:

This exam has four parts and a total of eight questions.

Part One:  Short questions

Part Two:  Induction, Sequences, and Probability

Part Three: Planar Geometry and Planar Trigonometry

Part Four:  Differential and Integral Calculus of
Polynomials, Root Functions, Rational
Functions, and Trigonometric Functions

Answer five questions, one question at least from Part One
or Part Two, and at least one question from each of Part
Three and Part Four.

5%20 = 100 points.

>. Material that may be used during the exam:
(1) A non-graphing calculator.

Do not use the programming options of a programmable
calculator.
Use of a graphing calculator or programming options
may lead to the disqualification of your exam.

(2) Formula sheets (attached).

(3) A Hebrew—foreign language/foreign language—Hebrew
dictionary.

7.Special instructions:
(1) Do not copy the question, but do indicate the number of
the question you are answering.
(2) Start each question on a new page.

Write the steps of the solution in the answer booklet, even

when the calculations are done with a calculator.
Explain all your work, including calculations, in detail
and in a clear and organized fashion.

Lack of detail may lower your score or may lead to the
disqualification of your exam.

Write only in the answer booklet. Write "no»o" at the top of each draft page.

If you write draft material on paper outside the answer booklet, your exam
may be disqualified.

Good Luck!
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Questions

Answer five of the questions 1-8, at least one question from Part One or Part Two, and at least one

question from each of Part Three and Part Four. (each question — 20 points).

Note: If you answer more than five questions, only the first five answers in your answer booklet will be

graded.
Part One — Short Questions

1. Answer two of the four items x—7 below. If you answer more than two items, only the first two
answers in your answer booklet will be graded.
N.  We know that the equality 8+24+48+ ...+ n(n+2)= w is satisfied for n=2 .
a 1is a parameter.
(1) Find the value of a.
(2) For the value of a that you found, prove by induction or any other method that the given

equality is satisfied for all even natural n .

3. All university applicants have to take two exams.
The number of applicants who passed only the first exam was found to be 4 times smaller
than the number of applicants who passed both exams.
g of the applicants who passed the second exam also passed the first exam.
Let p denote the probability of randomly selecting an applicant who passed only the first
exam.
(1) Express in terms of p the probability of randomly selecting an applicant who passed at
least one exam.
(2) We know that an applicant who passed at least one exam was randomly selected.

What is the probability that the selected applicant passed both exams?

/continued on page 3/
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5. Consider the functions f(x)= ‘/;(—1 , g(x)Z)le, h(x) = sz 1
2 _ v 2 _

(1) Find the domain [n7730n Dynn] of each of the functions f(x) , g(x) , and h(x) .
(2) Consider the graphs 1-5 below. Match each of the functions f(x) , g(x) and h(x) with the graph

that describes it. Explain your answers.

7. The function f(x) and its derivative function f’(x) are defined for all x .
The figure to the right describes the graph of function f(x) . f(x)
We know that function f(x) is odd and has only one

minimum whose coordinates are (3,—6) .

Both function f(x) and its derivative function f{’(x)

X
have a horizontal asymptote y=0 . V

(1) Sketch a possible graph of the derivative function f'(x) .

Consider the function g(x)= 2(x) f'(x) .
(2) Find the coordinates of the intersection points of the graph of function g(x) with the x-axis.

(3) Calculate the area of the region bounded by the graph of function g(x) and the x-axis.

/continued on page 4/
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2.

05

Part Two — Induction, Sequences, and Probability

Consider a geometric sequence A of m terms a;,a,,az,... (m is a natural number larger than 4).
We know that:  all the terms in Sequence A are negative;
the sum of the last m —4 terms in the sequence is 16 times the sum of the first
m — 4 terms in the sequence.
N. (1) Find the common ratio of Sequence A .
(2) IsSequence A increasing,decreasing, or neither increasing nor decreasing? Explain your answer.

Sequence A was extended to form an infinite geometric sequence.

Consider the infinite sequence B whose terms satisfy b_ = 1;—;1 for all natural n . k is a non-zero
parameter.

3. Prove that Sequence B is a geometric sequence, and express its common ratio in terms of k .

We know that the sum of Sequence B converges.

».  Find the possible range of values of k .

We know that:  the common ratio of Sequence B is % ;
the sum of sequence B is —9 .

7. Find the value of k and the value of b, .

In Sequence B , every third term (bs, b, , b ...) was deleted.
7. Find the sum of the remaining terms.

In Barrel '~ , there are 10 red balls and 15 yellow balls, and in Barrel "a there are only red balls.

Dana randomly selects a barrel and randomly removes a ball from it.

If the ball is yellow, she removes another random ball from the same barrel (without replacement).

If the first ball is red, she replaces the ball in the barrel and again removes a random ball from the

same barrel.

NX. We know that Dana removed two balls of the same color. What is the probability that both balls
are yellow?

Dana replaces the balls she had removed in the barrel.

Yael proceeds as follows:

She selects a random barrel, removes a random ball and replaces it in the barrel.

Yael repeats this process until she gets a red ball, at which point she replaces the ball in the barrel
and stops removing balls.

3. Find the probability that Yael performed this process exactly 6 times.

Some balls from Barrel ’'a were transferred to Barrel '~ .

Next, a random barrel was selected, and one ball was randomly removed from it.
We know that, after the transfer, the probability that this ball was red was % .

3. Isit possible that before the transfer there were 10 balls in Barrel ’a ? Explain your answer.

/continued on page 5/
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Part Three — Planar Geometry and Planar Trigonometry

4. In Quadrilateral BKCD , Side KB is parallel to Side CD .
Side CD is a chord in a circle, and Side KB is tangent to the circle at Point K .
Side BD intersects the circle at Point A .
Diagonal BC intersects Chord AK at Point E (see figure).

N. Prove that AABK ~AAKC . K B
3. Prove that % = % A
We know that BE = %CE .

3.  Find the ratio % .

We know that the area of Quadrilateral ABKC is 18 .

Let S denote the area of Triangle AEB . C D

7. Express the area of Triangle KEC in terms of S .

5. Consider a circle of center O and radius R .
Two lines, AB and AC , are drawn from Point A ,
such that they are tangent to the circle.
Point E is the point of tangency of Line AC

with the circle, as shown in the figure.

We know that BO L AO,AE=CE .
Let 2B denote the angle BAC .

A" E C
N. Express the length of AB intermsof R and f3 .

We know that the length of AB is 2.5R and that Angle BAC is an acute angle.
3. Find the value of 3.
3. Find the ratio between the area of Triangle ABC and the area of Triangle AOB .

We know that the length of the radius of the circle that circumscribes Triangle ABC is 8 .
7. Find the value of R .

/continued on page 6/
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Part Four - Differential and Integral Calculus of Polynomials,
Root Functions, Rational Functions, and Trigonometric Functions

6. We know that f'(x) = 2_#

( 23 is the derivative function of function f(x) . a is a positive parameter.
X" —a
Functions f(x) and f’(x) are defined on the same domain.
Express your answers in Items x— in terms of a , if necessary.

N. Find the domain [n77300 Dwnn] of the derivative function f'(x) .

3. Find the increasing and decreasing intervals of function f(x) .

We know that function f(x) has a horizontal asymptote whose equationis y=0 .
». Find a function f(x) which satisfies these conditions.

(x —a)?
(xz _ a2)2 :

X—a

Consider function g(x) = ) and function h(x)=
(x”—a%)

Functions f(x), g(x), and h(x) are defined on the same domain.
7. Match each of the functions f(x), g(x),and h(x) with a graph that could represent it from

the graphs I-IV at the end of this question. Explain your answers.

We know that the function h(x —6) has an asymptote whose equation is x =0.25a .

n. Find the value of a.

y y
X X
1I 1
y i y
v 111

/continued on page 7/
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7.
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Consider the function f(x) =cosx + +a ,on the interval —

) (cos x)2
a 1S a parameter.
N. Find the domain [n7730n oynn] of function f(x) .

3. Isfunction f(x) even or odd? Explain your answer.

We know that the graph of function f(x) is tangent to the line y =2 at two points.

». Find the value of a .

Substitute a=1 and answer Items 7.
7. Find the coordinates of the extrema [yxp m™p1] of function f(x) and determine what type of
extrema they are.

n.  Sketch a graph of function f(x) .

Consider function g(x)=f(x) —k and function h(x)= ﬁ , both on the interval — %t <x< 3% .

k is a parameter , k+2, k¥4 .
3. Find the value of k for which the graphs of function g(x) and of function h(x) meet at each

of their extrema.

Consider the function f(x)=xv21—x .
N. (1) Find the domain [n7700 ownn] of function f(x) .

(2) Find the positive and negative intervals of function f(x) .

We know that function f(x) has one local extremum [1°39 p¥p N3] and no inflection points
[9y0 mmipy].
3. Sketch a graph of function f(x) .

Point A is located in the first quadrant on the graph of function f(x) .

Point C is the intersection point of the graph of function f(x) with the positive side of the x-axis.
Two perpendiculars were dropped from Point A :

One perpendicular was dropped to the x-axis intersecting it at Point B , and another perpendicular
was dropped to line x =21 intersecting the line at Point D .

3. Find the coordinates of Point A for which the perimeter of Rectangle ABCD is maximum.

Good Luck!
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