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Mathematics
5 Points — 1st Exam

Instructions

~.Duration of the exam: Three and a half hours

2. Exam structure and breakdown of points:
This exam has three parts, with a total of eight questions.

Part One: Algebra and Probability

Part Two: Planar Geometry and Planar Trigonometry

Part Three: Differential and Integral Calculus of
Polynomials, Root Functions, Rational
Functions, and Trigonometric Functions

You must answer five questions, at least one question

from each part — 5x20 = 100 points.

». Material that may be used during the exam:

(1) A non-graphing calculator. You may not use the
programming options of a programmable calculator.
Use of a graphing calculator or programming options
may lead to the disqualification of your exam.

(2)Formula sheets (attached).

(3) A Hebrew—foreign language/foreign language—

Hebrew dictionary.

7.Special instructions:

(1)Do not copy the question, but do indicate the number
of the question you are answering.

(2)Start each question on a new page. Write the steps
of the solution in the answer booklet, even when the
calculations are done with a calculator.
Explain all of your work, including calculations, in
detail and in a clear and organized fashion.
Lack of detail may lower your score or may lead to
the disqualification of your exam.

Write only in the answer booklet. Write "nvy»v" at the top of each
draft page. If you write draft material on paper outside the answer
booklet, your exam may be disqualified.

Good Luck!
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Questions

Answer five of the questions 1-8, at least one question from each part (each question — 20 points).

Note: If you answer more than five questions, only the first five answers in your answer booklet will be

05

graded.
Part One — Algebra and Probability

Two cyclists, Cyclist a and Cyclist b, set out from two points, A and B , respectively, and cycled
toward each other.
The distance between Points A and B is 3d km (d is a positive parameter).
Cyclist b started out 2.5 hours after Cyclist a had started out.
At 15:30 each of the cyclists had travelled one third of the distance between Points A and B .
Each of the cyclists cycled at a constant speed.
The next day, the two cyclists again set out from the same points, A and B , and cycled toward
each other.
Each of the cyclists cycled at the same speed as they had cycled the first day. This time, though,
they set out at the same time and met 9 hours later.
NX. (1) At what time on the first day did Cyclist a leave Point A ?

(2) Express each of the cyclists' speed in terms of d .

Cyclist a takes 1.25 more minutes to ride one kilometer than it takes Cyclist b to ride one

kilometer.

a. Find the distance between Points A and B .

/Continued on page 3/
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2. Consider two infinite, convergent geometric sequences, A and B , whose terms have all non-zero
values.
The general term of Sequence A is a, and its common ratio is q, .
The general term of Sequence B is b~ and its common ratio is qg .

A new infinite, convergent geometric sequence is constructed from the sequences A and B . Its

terms are:
4 A a3 ay
bl ’ b2 B b3 [l ) bn B

All three sequences, Sequence A , Sequence B, and the new sequence, are not constant.

N. Express the common ratio of the new sequence in terms of q, and qg .

Sequence A is neither increasing nor decreasing, and Sequence B is increasing.

3. Determine whether each of the two statements (1)—(2) below is true or false, and explain your
answers.
(1) The common ratio of the new sequence is positive.

(2) All the terms in Sequence B are negative.

The numbers ¢, , ¢, ,and c, are the first three terms in an arithmetic sequence.

C;°C
We know that ¢, = — ¢, and that 1C3 2 - 4% is satisfied.

». Find c, .

We know that the common ratio of Sequence A equals ¢,

a a a a,+a,ta,+...
and that ~1 , 22 3 172 3

+oE D= is satisfied.
b, " b, " b; b, + b, +by+...

7. Find the value of qp .

05
/Continued on page 4/
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3. A proposal was made at a large college to shorten the lunch break so that the school day would end
earlier.
In response, the college held a poll for all first- and second-year students.
The results of the poll showed that 80% of the participants who supported the proposal were first-
year students. The results also showed that the number of first-year students who supported the
proposal was the same as the number of second-year students who were against the proposal. Of the
students who participated in the poll, none abstained.
Let p be the probability of randomly selecting a student who supported the proposal out of all the
students who participated in the poll.
NX. A second-year student is selected at random. What is the probability that this student is against

the proposal?

We know that the probability that a randomly selected first-year student supports the proposal
is greater by % than the probability that a randomly selected second-year student supports the
proposal.
3. Calculate the value of p .
3. A participant in the poll is selected at random. Calculate the probability of at least one of these
two conditions occurring:
I The selected participant is a second-year student.
I  The selected participant supports the proposal.
7. Five (5) participants in the poll are selected at random.
We know that all five selected participants are second-year students.
What is the probability that at least two of them support the proposal and, also, at least two are

against the proposal?

05 /Continued on page 5/
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Part Two — Planar Geometry and Planar Trigonometry

4. Points A, B,and C are on a circle.
Point E is the midpoint of the arc BC , as shown in the figure on the right.
A tangent to the circle is drawn through Point E .
The tangent intersects the extension of Chord AB at A
Point G .
The chords AE and BC intersect at Point F . E
N. Prove that AACE ~ A AEG .

We know that AG=6 and AE=3v6 .
3. Calculate the length of Chord AC .

>. Prove that BCIGE .

We know that the area of Triangle ABF is double the area of

Triangle BFE .

7. Calculate the length of Chord AB .

n.  What is the ratio between the area of Triangle ABF and the area of Triangle AFC ? Explain

your anSwer.

5. Kite ABCD is inscribed in a circle whose radius is R .
Chord AC is the main diagonal of the kite.
Point O is the center of the circle inscribed in Triangle ABC (see figure).

Let <CAB=a .

A
NX. (1) Find the angles of Triangle AOC (express in terms \
of a ,if necessary).
(2) Express the length of Segment AO in terms of
o and R .
We know that the length of Segment AO is Ry2 .

3. Find the size of the angle o .

We know that the area of the kite is 25+/3 .
»>. Find R.
7. Calculate the distance between the center of the circle that circumscribes the kite and the

center of the circle inscribed in Triangle ABC .

05 /Continued on page 6/
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Part Three — Differential and Integral Calculus of Polynomials,
Root Functions, Rational Functions, and Trigonometric Functions

2
6. Consider the given function f(x)= 2a < X ,defined for x#+ 0 ; a is a positive parameter.

N. Express your answers in terms of a , if necessary.

(1) Find the equations of the asymptotes of function f(x) that are perpendicular to the axes,
if there are any.

(2) Show that function f(x) is an odd function.

(3) Find the coordinates of the intersection points of the graph of function f(x) with the
axes, if there are any.

(4) Find the intervals on which function f(x) is increasing and on which it is decreasing, if
there are any.

(5) Find the concave up (U) interval and the concave down (/) interval of function f(x) .
3. Sketch a graph of function f(x) .

Consider another function g(x) = | f(x) \ —b , b is a positive parameter.
Function g(x) is defined in the same domain as function f(x) .

3. Sketch a graph of function g(x) .

We know that one of the extrema [P mmp3] of function g(x) is: (2,-3) .

7. Find the values of a and b.
X
Consider a further function s(x) = / g(t)dt defined in the domain 1<x .
1

n.  What type of extremum does function s(x) have? Explain your answer.

05 /Continued on page 7/
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7. Consider function f(x) , which is defined in the domain x <a , x# 0 . a is a positive parameter.
The figure on the right describes the graph of the derivative ' (x)
function f'(x) .

The derivative function f’(x) is defined in the domain x <a , x+0,
The derivative function f’(x) has three asymptotes that are

perpendicular to the axes and whose equations are:

y=0, x=a, x=0,
In the interval x <O , the derivative function f’(x) is increasing.
The line x =0 is also an asymptote of the graph of function f(x).

fa)=0 .

N. (1) Find the increasing interval and the decreasing interval of function f(x)
(express your answer in terms of a , if necessary). Explain.

(2) How many inflection points [%yn°9 m7 3] does function f(x) have? Explain.

We know that the line y =0 is an asymptote of the graph of function f(x) .

3. Sketch a possible graph of function f(x) , based on your answer in Sub-item x(2).
We know that one of the expressions I-IV below represents function f(x) .

I. agx II. X;a Im. va—x IV. vX—a
X X X X

3. Which of the expressions I-IV represents function f(x) ? Explain.

We know that the slope of the tangent to the graph of function f(x) at the point where x=(—2),

. 7

is ¢

7. Find the value of a.

n. Substitute a =2 and calculate the area of the region bounded by the graph of function (f (x))2 ,

the x-axis, and the line x=1.

8. Consider the rhombus ABCD . Point E is the midpoint of Side BC .
Let XECD=x .
We know that the area of Triangle ECD is 18 .
N. Express the side length of the rhombus in terms of x .

3. Calculate the minimum length of Segment DE .

.GOOd Luck! 1anbyna
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