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Mathematics
5 Points — 1st Exam

Instructions for examinees

~. Duration of the exam: Three and a half hours

2. Exam structure and breakdown of points:
This exam has three parts and a total of eight questions.

Part One: Algebra and Probability
Part Two: Planar Geometry and Planar Trigonometry
Part Three: Differential and Integral Calculus of
Polynomials, Root Functions, Rational
Functions, and Trigonometric Functions
Answer five questions of your choice —
5%20 = 100 points

3. Material that may be used during the exam:
(1) A non-graphing calculator.

Do not use the programming options of a programmable

calculator.
Use of a graphing calculator or programming options
may lead to the disqualification of your exam.

(2) Formula sheets (attached).

(3) A Hebrew-foreign language/foreign language-Hebrew
dictionary.

7. Special instructions:

(1) Do not copy the question, but do indicate the number of

the question you are answering.

(2) Start each question on a new page.
Write the steps of the solution in the answer booklet,
even when the calculations are done with a calculator.

Explain all of your work, including calculations, in detail

and in a clear and organized fashion.
Lack of detail may lower your score or may lead to the
disqualification of your exam.

Write only in the answer booklet. Write "noyo" at the top of each draft page.

If you write draft material on paper outside the answer booklet, your exam
may be disqualified.

Good Luck!
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Questions
Note: Explain all of your work, including calculations, clearly and in detail.

Lack of detail may lower your score or lead to the disqualification of your exam.

Answer five of the questions 1-8 (each question — 20 points).
Note: If you answer more than five questions, only the first five answers in your answer booklet will be

graded.

Part One — Algebra and Probability

1. Three swimmers — Eitan, Gal and Yaakov — train in a 50-meter-long swimming pool.
Each swimmer begins swimming from the starting point of the pool [n>727 n>nn], swims to the
end of the pool [n3>720 o], and immediately turns round and swims back to the starting point. Each
of the swimmers swims at a constant speed.
On Sunday, each of the three swimmers began his swim at a different time.
Gal began swimming 10 seconds after Eitan.
Yaakov began swimming 15 seconds after Eitan.
15 seconds after Yaakov began swimming, all the swimmers had covered the same distance from
the starting point, but had not yet reached the end of the pool.
As soon as Gal reached the end of the pool, he turned round and began swimming back toward the
starting point. On his way back, 4 meters away from the end of the pool, he met Eitan.
N. Calculate the speed of each of the three swimmers.
3.  When Eitan and Yaakov met up for the second time, how many meters were they from the

end of the pool?

On Monday, Gal and Yaakov began swimming from the starting point at the same time, and
each of them swam at the same speed at which he had swum on Sunday. When each of them
reached the end of the pool, he immediately turned round and swam back to the starting point.
When he reached the starting point, he turned round again and swam toward the end of the pool,
and so on. Both swimmers stopped swimming when they met up at the starting point.

».  How many meters did Yaakov swim that day?

/Continued on page 3/
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2.

Given: an increasing arithmetic sequence A , whose terms are a;,a,, as, ... ; the common difference
of this sequence is d .

S, denotes the sum of the first n terms of the sequence A , for any natural n .

An additional sequence, B , whose terms are b,,b,,b,,... ,is defined.

The terms of the sequence B satisfy b =S —S, for any natural n .

n+1

NX. (1) Isthe sequence B an arithmetic sequence? Explain.

(2) Isthe sequence B identical to the sequence A ? Explain.

T, denotes the sum of the first n terms of the sequence B , for any natural n .

3. Prove that any natural even n satisfies the following :
o = OrHb) (b= by + (s +b) (b3 =by+..+ (b, +b) (b

b))
n —d '

n-1_"n

Given: b —b3+b3—bJ+..+b3y—bjy=—95
Ts=—20

>. Calculate b; and d (you may use Item 1 to help you).

The terms in the odd positions in the sequence A are added up one after the other, starting from the
first term.
7. What is the minimum number of terms that need to be added up in this way for the sum to be a

positive integer [Dbw »ayn]? Explain.

A box contains three strawberry-flavored candies and two mint-flavored candies. Lior takes a
candy out of the box at random. If the candy is mint-flavored, he returns it to the box, and if it is
strawberry-flavored, he eats it immediately.
N. Lior takes three candies out of the box one after the other in the manner described above.
(1) Calculate the probability that Lior will eat exactly one candy.
(2) Calculate the probability that Lior ate the second candy he took out, if we know that Lior
ate exactly one candy.
3. Lior takes n candies out of the box one after the other in the manner described above.
Express in terms of n the probability that Lior will eat at least one candy.
».  Lior received two boxes of candies, each identical to the box described above.
Lior takes three candies out of each of the two boxes in the manner described above.

Calculate the probability that Lior will eat exactly three candies, all three from the same box.

/Continued on page 4/
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Part Two — Planar Geometry and Planar Trigonometry

4. Triangle ABC is inscribed in a circle whose radius is R (see figure). G
Side BC is a diameter of the circle.

AG is an extension of Side CA . E
Segment GB intersects the circle at Point D . D
Given: GA=AC.

N. Prove that the line AB bisects < GBC .

a. Prove that A GBC ~ A GAD .

S
Given: SDLCA =15.

GAD
5. Express the length of Side AC in terms of R.
A tangent to the circle was drawn through Point C , intersecting the extension of Segment BA
at Point E .
7. Calculate by what factor [nn3 9] the area of Triangle CBE is greater than the area of Triangle
ABC.

5. AB is a diameter in a circle whose radius is R and centeris O .

Chord CD intersects the diameter AB at Point F .

The tangent to the circle at Point D intersects the extension of the  C
diameter AB at Point E (see figure).
Let <ADE=aqa .

NX. Show that < BAD=90°—-a .
Given: ED=FD .
3. Express the size of <<CDA in terms of « .
5. Express the area of Triangle AFD in terms of R and « .
S
7. (1) Express the ratio of the areas Si‘gg in terms of a .
S
(2) Given: ¢MP=1+V3 .
AED
Find « .

/Continued on page 5/



IPOIN ,NOD) + 035581 D1 ,2”79WN 9NN, NPPVNNN -5-
Mathematics, Winter 2022 No. 035581 + appendix

Part Three —Differential and Integral Calculus of Polynomials,
Root Functions, Rational Functions, and Trigonometric Functions

2

6. Given: the function f(x)= 7 , M 1S a positive parameter.

_x

(> = m)

N. Express your answers in terms of m , if necessary.
(1) Find the domain [n7730n onn] of function f(x) .

(2) Find the equations of the asymptotes of function f(x) that are perpendicular to the axes.

We know that function f(x) has an extremum [p¥p n7py] at the point at which x =(—1) .

a. Find the value of m .

Substitute this value for m in function f(x) , and answer Items »—n.
».  Find the coordinates of the extrema [yxp mTp3] of function f(x) , and determine what type of
extrema they are.

7. Sketch a graph of the function f(x) .

J

Given: the function g(x) =k f(x), k is a negative parameter.

(1) Sketch a possible graph of the function g(x) .

(2) A perpendicular to the x-axis is drawn through the left-hand extremum of g(x) .
Given: The area of the region bounded by the perpendicular, the graph of the function
g(x) , and the x-axis is 1 (the region to the right of the perpendicular).
Find the value of k .

/Continued on page 6/
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7. Given: The function f(x)=3x +2+v x%—2x .

N (1)
2)
Q)

C))

)

. D

2)

Find the domain [n7730n0 oynn] of function f(x) .

Find the domain of the derivative function f'(X) .

Find the equations of the asymptotes of the derivative function f’(x) that are
perpendicular to the axes.

Find the coordinates of the intersection point of the graph of the derivative function f"(x)
with the x-axis.

Your answer should be correct to two decimal places.

Sketch a graph of the derivative function f’(x) , if we know that the derivative function
f’(x) has no extrema [)¥°p MmTMp3].

Find the coordinates of the extrema of function f(x) , and determine what type of
extrema they are.

Sketch a graph of function f(x) .

3. Could a line whose equation is y =4x+c (¢ is a parameter) be tangent to the graph of

function f(x) ? Explain.

A main canal, whose width, a , is constant, is joined perpendicularly

a
to a side canal whose width, b , is constant. A
Point C is the point at which a wall of the main canal meets a wall D c

of the side canal (see figure). b X

An engineer is planning a straight dam that starts at Point A on a B

wall of the main canal, passes through Point C , and reaches Point B

on a wall of the side canal.

The dam will form an angle of size x with the wall CD of the side canal, as shown in the figure.

N. Express the length of the dam AB interms of a,b,and x.

Given: a=2b .

3. Find the value of x for which the length of the dam AB is smallest (minimum).

3. We know that the minimum length of the damis 8 . Find b .
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