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Mathematics
5 Points — 1st Exam

Instructions for examinees

~. Duration of the exam: Three and a half hours

2. Exam structure and breakdown of points:
This exam has three parts.

Part One: Algebra and Probability
— 2x20 — 40 points
Part Two: Planar Geometry and Planar Trigonometry
— 1x20 — 20 points
Part Three: Differential and Integral Calculus of
Polynomials, Root Functions, Rational
Functions, and Trigonometric Functions
— 2x20 — 40 points
Total — 100 points

». Material that may be used during the exam:

(1) A non-graphing calculator. You may not use the
programming options of a programmable calculator.
Use of a graphing calculator or programming options
may lead to the disqualification of your exam.

(2) Formula sheets (attached).

(3) A Hebrew-foreign language/foreign language-Hebrew
dictionary.

7.Special instructions:

(1) Do not copy the question, but do indicate the number
of the question you are answering.

(2) Start each question on a new page. Write the steps
of the solution in the answer booklet, even when the
calculations are done with a calculator. Explain all of
your work, including calculations, in detail and in a
clear and organized fashion. Lack of detail may lower
your score or may lead to the disqualification of your
exam.

Write only in the answer booklet. Write "noyo" at the top of each draft

page. If you write draft material on paper outside the answer booklet,
your exam may be disqualified.

Good Luck!

SN’ 17N

PPN TIVN

MIH1 11NN N

27Y9,2019 ,0”YWN YR 111NN TN
035581 :))9NWN 990N

T MTN> 5°5 MNNDN 9T :NHD)I
(3) Y285 DN

nP2oNNN
PYNRI PORY - 7129 M7 5

N2 MININ
O8N MYV vby :0°NAN qwn X

:027YNN NNOYY NINWN 1IN .
DP9 NWIDY M NONYA
MIIANDM MDOR:NPYNI P79

MM 40 — 20x2 —
MYINI PIDMNNILY PIVNINI
MMPI 20 — 20x1 —
,DO1219 DY 50N PININIINT PIVNIWIOW P19
NPOINNT NVPEPND DY ,WNY NPEPND DY
DIOMNIIO NVPXPND DY)
MNP 40 — 20%2 —
MTPI 100 —3”No

2 P9

WYY AN MY PN D
297 RO pavnn (1)
91N 11230 PAYNNI TIDND IMIWORI WHRNWND PR
IINN MMNIWORIIN 297 PNIYNNI LYW
.11N2N NY09Y DYNY MDY PawNNI
[(D29¥10) MNNDN 9T (2)
2I2Y-RND/IND-2Y NN (3)

NTNVPH MRND.T
.72952 17901 DX A0 ;NYRWN DX P>NyN DX (1)
WTN YA NORY Y3 5Nnn (2)
AURI DI ,PINSN >2YW DX NIANNA DY)
JNAVNH NIYI DOYNINN DXDWINN
,D>2N Y91, PM%IYs 93 DN 1101
DITIDM DI NIND VYO
.12NAN N09% IN )N Y2 DI DIDY VIS TOIN

.YV YRWNI Ty Y WRIZ "HOYL” DIwT 7292 11NN NIINNI N
11NN N209% DN NPYY N1IPNAN NIANNA DIRY D¥OT DLV NN

tnnbsna



YN ,NOD) + 035581 DN, T ,O"YWN P ARODIN -2 -

Mathematics, Summer 2019, Moed Bet. No. 035581 + appendix

Questions
Note: Explain all of your work, including calculations, clearly and in detail.
Lack of detail may lower your score or lead to the disqualification of your exam.

Part One — Algebra and Probability (40 points)
Answer two of the questions 1-3 (each question — 20 points).
Note: If you answer more than two questions, only the first two answers in your answer booklet

will be graded.

1. The figure at the right shows a bicycle riding track in the shape of an A
equilateral triangle ABC, with a side length of a meters.
One day, two cyclists set off at the same time from Point A toward
Point B. They rode in the same direction along the triangular track.
Each of them rode at a constant speed. Cyclist N's speed

was 2 meters per second faster than Cyclist a's speed. B C

At the same time that Cyclist X reached Point A after having cycled around the entire track
twice, Cyclist a reached Point B for the second time.

N. Find the speed of each of the cyclists.

3.  What point on the triangle will Cyclist 2 have reached, when Cyclist X reaches Point A

after completing the triangular track 5 times?

When Cyclist & reached Point A after completing the track 5 times, he turned around and
began to ride in the opposite direction, from Point A to Point C, without changing his speed.
Cyclist a continued to ride in his original direction, without changing his speed.

The cyclists met at Point M.

3. On what side of the triangle is Point M located? Find the ratio between the two parts into

which Point M divides that side.

The next day, the two cyclists again set off from Point A. They rode toward Point B, and then
continued to ride along the triangular track, each riding at the same speed as on the previous

day. Cyclist X passed Cyclist a for the first time 6 minutes after they set off.

7. Find the perimeter of the triangle. Explain your answer.

/Continued on page 3/



YN ,NOD) + 035581 DN, T ,O"YWN P ARODIN -3-
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2. Given: asequence a that satisfies therule a , ,+a =6n+5 forall n.

N. Provethat a , ,=a_ +c issatisfied (c is a constant number), and find the value of c.
2. Write an example of a sequence a_ that satisfies the rule and is not an arithmetic

sequence (write at least the first 4 terms in the sequence).

Given: The entire sequence a_ is arithmetic.

». Calculate the value of a .

A new sequence of 2n+ 1 terms was constructed:

al—l , a2—2 s a3—3 s e 32n+1—(2n+1)

The middle term in the new sequence is 43.

7. Calculate the sum of the terms of the new sequence.

3. Abox contains 12 blue balls, 20 red balls, and 8 yellow balls.
28 balls are marked 1 and the rest are marked 0.
% of the balls marked 1 are yellow.

The number of red balls marked 1 is 4 times greater than the number of blue balls marked 0.

Danny took a ball at random from the box.
N. What is the probability that the ball Danny took was a blue ball marked 1?
3. If we know that Danny took at random a blue ball or a ball marked 1, what is the

probability that he took a ball marked 0?

Danny returned the ball to the box, and now he is playing a game: he takes a ball at random
from the box, records the number marked on the ball, and returns the ball to the box.

Each time that he takes a ball marked 1, he gets a point. He stops playing when he has 5
points.

>.  What is the probability that Danny will have 5 points after exactly 6 rounds?

/Continued on page 4/
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Mathematics, Summer 2019, Moed Bet. No. 035581 + appendix
Part Two — Planar Geometry and Planar Trigonometry (20 points)

Answer one of the questions 4-5.
Note: If you answer more than one question, only the first answer in your answer booklet will be

graded.

4. AB is a diameter of a circle. CD and AF are two chords

[D1m1] of the circle that are parallel to each other.
AB and CD intersect at Point K (see figure).
Given: CA =AF (the arcs marked in the figure).
N. (1) Prove that <FAB=<CAB .

(2) Prove that BK =BD.

3. Prove that the quadrilateral AFKC is a thombus [yyn].
». Given also: BD-AB=CD- AC.
(1) Prove that ABDC ~ ACAB .

(2) Prove that CD is a diameter of the circle.

5. Given: Rectangle ABCD. Point E is located on Diagonal AC (see figure).
Given: <{DAC=a ,
JADE=§ .
R, is the radius of the circle that circumscribes Rectangle ABCD.
R, is the radius of the circle that circumscribes Triangle ADE.
N. Express the ratio % interms of a and B . A B

2 a

R E

a. Show that when a=0, R—1<2.
2

». Given: a=60°, p=15°.
(1) Show that ADEC is an isosceles triangle. B

(2) Express BE? in terms of R, . D C

/Continued on page 5/
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Part Three — Differential and Integral Calculus of Polynomials,

Root Functions, Rational Functions, and Trigonometric Functions
(40 points)

Answer two of the questions 6-8 (each question — 20 points).
Note: If you answer more than two questions, only the first two answers in your answer booklet

will be graded.

6. Given: the function f(x)=a-cos2x +sin®x , which is defined on the domain —7 <x <.
a 1S a parameter.
N. Is the function f(x) even or odd or neither even nor odd? Explain.
3.  What are the coordinates of the extrema [)¥°pn mTp)] of the function f(x) (express in
terms of a , if necessary), if it is given that the function is not constant? Determine the
types of the extrema according to the value of a (for both possibilities for a).

».  Find the value of a for which the function f(x) is constant. Explain.

Given: a> 1.
7. (1) Sketch the graph of the function f(x).
(2) Sketch the graph of the derivative function f’(x) .
n.  Given: The area bounded by the graph of the derivative function f’(x) and the x-axis

equals 12. Find the value of a.

7. Given: a circle with Diameter AB. The radius of the circle is 10.
Point P is located on Diameter AB, between the center of the circle and Point B.
A perpendicular to AB is drawn through Point P, intersecting the circle at Points C and D.

Find the maximum area of Triangle ACD.

/Continued on page 6/
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2 _
8. Given: the function f(x):%bxé‘C . b and ¢ are parameters.
X2 —

N. Find the domain [n7730n onn] of the function f (x).

Given: The function f(x) is even.

a. Find the value of b .

Given: The graph of the function f(x) intersects the x-axis at two points between its two
vertical asymptotes.
».  Find the range of values of c.
7. (1) Find the coordinates of the extremum [P0 nTp3] of the function f(x), and
determine what type of extremum it is (express in terms of c , if necessary).
(2) Find the horizontal asymptote of the function f(x), and sketch the graph of the
function f(x).
7. Given: the function g(x) = f(x)*f'(x) , which is defined on the same domain as the
functions f(x) and ' (x) .
Graphs I-III are shown below.
(1) Which of the graphs, I-111, is the graph of the function g(x)? Explain.
(2) Express in terms of ¢ the area of the region bounded by the graph of the

function g(x) and the x-axis.

I |
IV
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